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ABSTRACT
It is shown by analytic means that it is possible to produce
mean horizontal flows in a channel from a periodic distribution
of stationary heat sources which are placed upon a varying
topographic structure. Past analyses and experiments of channel
flows are reviewed.
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heat balance and momentum balance of this fluid system are
discussed.
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Introduction.
The idea that a heat source is capable of generating mean hor-
izontal flow in a region of fluid when applied to a boundary of a given
shape comes from the realization that Reynolds stresses can supply
energy and momentum from spatially fluctuating flows to the mean
flow. Such a transport of energy from spatially fluctuating to mean
flows has been observed in the general circulation pattern of the
atmosphere, as well as in other naturally occurring systems.
Until recently, all the examples of transfer of energy from fluc-
tuating to mean flows which have been discussed in the literature
have involved some element of motion within the boundary conditions.
These boundary conditions have provided the region of fluid with a
certain orientation or specified direction of motion through such
agents as rotation of the fluid boundaries or the movement of the
heat source. Nevertheless, there is no a priori reason why a system
cannot maintain a net horizontal flow, even if it does not have a
traveling thermal source and its boundaries are stationary. Such a
flow could be maintained by appropriate placement of stationary heat
sources. It would be necessary, however, to place some orientation
upon the system as to a preferred direction, and this orientation could
be provided by the introduction of suitably shaped topographic features
as boundaries, upon which would be placed stationary sources of
constant temperature. It would be desirable for these features to be
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able to maintain a streamline pattern with a net zonal component
which could be maintained only by the presence of tilted troughs,
in order to transfer momentum from one horizontal level to another.
In order to better understand the mean flow processes, one would
like to analyze a flow in two dimensions only. Therefore, the fluid
considered will be confined to a channel which is independent of the
lateral y-direction. The flow will be dependent upon only the length
down the channel (x-direction) and upon the channel height (z-direction).
Furthermore, since both the bottom topography and bottom temper-
ature boundary condition are periodic in the x-direction with wavelength
R, it will be assumed that the resulting flow also has this periodic
structure.
A steady-state zonal flow can exist in a fluid system such as
this if the temperature field, together with appropriate boundary
conditions and structures provide the correct type of flow patterns
in order to maintain the zonal momentum against dissipation. It is
therefore the purpose of this work to obtain conditions necessary for
such a flow, in terms of correct interaction between the thermal
boundary conditions and the topographic structure.
A method will be used which turns out to be a weak non-linear
one. The aspect ratio, which is the ratio of the height of the fluid to
the wavelength, will be considered a small number. As a consequence
of this assumption, the non-linear terms, although present, are taken
as smaller in order of magnitude than the linear terms. Some of
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these non-linear terms have a non-zero zonal average and act as
driving terms of the next order flow. Their presence therefore pro -
vides an orientation to the fluid and can provide for non-zero zonally
averaged flows.
Past experiments.
In recent years, much work has been done to investigate fluid
motions due to a traveling source of heat. The rationale behind most
of these investigations was the development of crude, but at least
quaititatively correct, models of the motions of certain planetary atmo-
spheres. The generation of mean horizontal fluid motions has been
studied experimentally using laboratory models. In addition, there
have been attempts at mathematical analyses and numerical models
of such systems.
Fultz, et. al. (1959) describe an experiment in which they rotated
a flame underneath the bottom rim of a cylindrical container which was
filled with water. The basic result -was that, with the fluid starting
from rest, a net angular momentum was obtained in the opposite
direction as the motion of the flame. Later Stern (1959) performed
a similar experiment, this time using a cylindrical annulus, with a
small ratio of width to height of water. By doing this, he tried
to eliminate radial currents which were considerable in those experiments
of Fultz. A fluid motion opposite to that of the flame was observed
by Stern by the use of appropriate markers in the fluid.
Stern's analysis was considered in a rigid-boundary annulus and
a moving temperature distribution in the fluid. Iavey (1967) conducted
more computations on a different set-up including the effects of a
free upper surface as a boundary.
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The next experiments came when Schubert and Whitehead (1969)
tried to revolve a heat source under the rim of an annulus which
this time contained mercury instead of water. The results in this
study were much magnified over those of previous studies. Mean
flow motions arose as much as four times as fast as the flame speed,
while in the previous experiments using water, a counterflow of only
as much as 1 % of the flame speed was observed. Using mercury
much enhanced the thermal effect because of its high conductivity and
relatively low viscosity.
Douglas, Mason, and Hinch (1972) performed experiments in an
annulus using water in which was dissolved an electrolyte. This
solution was heated by passing an electric current across the fluid.
The two electrodes were rotated around the annulus by means of a
slip ring, thus heating the fluid internally. Again there was a mean
flow counter to the flame direction. This method was significantly
more effective in producing the mean current than was the moving
heater because of the larger amounts of internal heat which could
be absorbed by the water. However, when they stopped the motion
of the flame, they invariably found that mean motion would always
disappear, regardless of the initial flows.
In all these experiments, the zonal motion of the fluid was
discovered to be in the opposite direction as that of the flame. An
order of magnitude estimate of the results of the mercury experiment
is as follows. For imposed flame speeds of near 10 mm/sec, and
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for a temperature difference ranging from 8. 50C to 62 0 C, steady
state zonal flow was found to be between . 01 and 4. 5 times the flame
speed and was achieved after about five minutes.
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Past mathematical analyses.
Many of the small-scale models have been used to simulate gen-
eral features of planetary flow regimes. While the earlier annulus
experiments attempted to illustrate many terrestrial flow phenomena,
some of the more recent experimental and mathematical models
have been used to simulate some features of the circulation of the planet
Venus. Venus is known to have a circulation pattern which is different
in many respects from those of other planets.'
Schubert and Whitehead were first to discuss the moving flame
experiment as a model for the zonal motions on Venus. This planet
rotates rather slowly with a period of 243 days. The sun's being
above a slowly rotating planet has been viewed as a periodic thermal
source overhead, which, although small, is still not stationary. On
Venus, the upper atmosphere has been observed to move around
the planet in four days and to have speeds of 300 km/hour relative
to the planet's surface. The atmosphere of Venus has a gas (CO 2)
which absorbs radiation in the near infrared, and so the heat is absorbed
throughout the atmosphere. One reason why the mercury experiment
was compared to the Venus zonal circulation was primarily that it
was the first experiment to produce, from a moving thermal source,
horizontal motions which were faster than the traveling source.
Both Malkus (1970) and Thompson (1970) developed models to
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provide explanations for the zonal flows of systems similar to the
Venus atmosphere based upon slowly traveling and quasi-stationary
heat sources.
Malkus tried to extend the linear solution for a moving flame
problem to the non-linear regime. After discussing the linear problem
with a boundary condition of a moving heat source S (as opposed to
a moving temperature source), he obtained flows which were
dependent upon the speed of the heat source. Furthermore, Malkus
analyzed his mean flow results in the limiting cases of both high and
low speeds.
For the present purposes, the low speed limit which Malkus
obtained is of primary interest. Malkus got non-vanishing values
for the mean flow at the top of the model (a rigid slippery top surface)
17&~ k (U
where Pr is the Prandtl number, h is the height, & is the coefficient
of thermal expansion, k is the wavelength of the disturbance, S is
the amplitude of the heat source and U = c /k is its speed. However,
this low speed limit result is only valid 'for conditions where the
speed is still large enough so that the wavelength is much larger than
the boundary layer.
However, in the more extreme case where the boundary layer
is of greater magnitude than the wavelength, i. e. the whole flow is
within a boundary layer, Malkus obtained a vanishing value for utop.
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This is understandable because without applied thermal motion or
topography there can be no orientation to the flow. Malkus' results
can then be interpreted to mean that a thermal source on a planet
will generate a mean horizontal flow if the heat source and the lower
rigid boundary have a relative velocity in excess of the viscous
diffusion velocity. Malkus further suggests that a mean horizontal
vel-ocity will occur even if no such differential motion exists as a
finite-amplitude instability.
Malkus used a non-linear approximation known as the "Oseen
approximation" to obtain a further solution to the mean field equations.
This method is actually the first iteration of a non-linear approach,
which consists of modifying the linear problem by the addition of a
non-linear advection velocity at the top surface of the fluid. As a
solution, upon consideration of utop to be much larger than the imposed
source speed, U, the solution for this top zonal flow becomes
which is just a function of the heat source strength, the wavelength,
and of the Prandtl number, and is independent of the source speed.
In his estimation of the zonal wind speed of Venus, Malkus
obtained from various parameters u =4.2 x 10 100% cm sec 1
which overlaps reported results of the movement of clouds.
Thompson took a different approach in the analysis of the zonal
flow problem. He used a numerical model of flow based upon the
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heating throughout the fluid with a solid boundary and observed that'
convective flows would commence. At a certain time, the fluid was
subjected to a perturbation of small but finite amplitude zonal flow.
This zonal velocity of perturbation tilted the convection cells which
caused the transference of momentum via a velocity correlation
u'w' into the mean flow itself. By this method, the kinetic energy
of the mean flow began to increase. It seems that there was some kind
of natural, almost steady state solution obtained of small oscillations
about the mean. At a certain value of shear, an instability set in,
which tilited the cells in the other direction, so as to transfer momen-
tum in the other direction. At this value, apparently the Reynolds
number was too high to maintain a stable flow.
In the analysis of his moving flame in mercury experiment,
Whitehead (1972) used a non-linear method in order to determine what
types of flows would occur due to both buoyancy and surface tension
differences.' He came to the conclusion that mean driven flows were
not to be found until order a, where a is the aspect ratio. Further-
more, he obtained the fact that the surface tension driven flows were
more effective in the generation of mean flows from the moving
heater than are flows generated by buoyancy.
Young, Schubert, and Torrence (1972) analyzed the moving flame
experiments on flat surfaces using numerical techniques, and they
were quite adequately able to simulate the tilted cells which maintain
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the mean flow. They experimented with several parameters, including
the ratio of buoyancy t6 inertial forces, the ratio of viscous diffusion
time across the fluid layer to the period of the wave, and the Prandtl
number. They were able to develop steady state motions, and among
them the expected counter-flime mean flows. In addition, they developed
by numerical methods mean flows by non-symmetric placement of station-
ary heat sources. Howeyer, their equations were scaled with the values
for the moving flame speed, and then this was apparently taken at
extremely low speeds afterwards. It is questionable whether this truly
corresponds to the situation for a stationary heat source. Malkus
did make the distinction between the "low-speed" limit of the moving
source, and the solution for a truly stationary source.
Young, Schubert, and Torrence conclude that it must be the non-
linear terms which are causing the mean flow in this stationary
state. In the case of the moving thermal source, it is the thermal
diffusion which creates tilted convection cells because it takes time for
the information that the thermal source has movied to travel up the
fluid. Such tilted cells are then responsible for the mean fluid
motions. Nevertheless, neither Whitehead nor Young, et. al. con-
sidered the effects of bottom topography in their studies.
A method similar to Whitehead's will be used in this study in order
to determine the flows due to the effects of spatially varying temper-
ature structures and topographic features.
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Mathematical scheme.
In order to formulate the problem of the fluid subjected to station-
ary heat sources over a topographic perturbation structure, the
Boussinesq approximations to the conservation of mass, momentum,
and energy will be used:
= 0 (3)
(+ U/ dt) + .V. + PVu + & Tk (4)
(yT/at) + z-.7T T (5)
where u is the two-dimensional velocity (in the x- and z- directions),
p is the deviation from hydrostatic pressure, T is the temperature,
and P, ic, , are kinematic viscosity, thermal diffusivity, force
of gravity, and the volumetric coefficient of expansion respectively.
The fluid is confined to a region whose top surface is flat and
whose bottom surface has an arbitrary periodic structure. The equation
for the top surface of the fluid will be z = 0, and that of the bottom
surface is z = zB ~ -1 ')L. Here a is a small constant parameter
and 4' is a function of x of order one. In this way, the height of the
topographic ridges will be small compared to the height of the tank
itself.
It will be assumed that a certain temperature will be imposed
at the bottom boundary zB, although using a source of heat is also
a reasonable alternative. The' temperature at z B is T (z B = P AT
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where AT is a characteristic temperature difference and 6 (x) is
a function of order one.
Following Whitehead, the scheme for non-dimensionalization
of th'e above equations is the use of the transforms:
-F A 7- 7n
where L and R are the height of the tank (not including the topo-
graphic perturbation), and the wavelength of the perturbation,
respectively, and d and n stand for dimensional and non-dimensional
values. u, w, and t are the horizontal and vertical velocities and
the time. When these transforms are applied to equations (4)-(5)
and the symbol n is deleted, the following non-dimensional
equations are obtained:
[~2 z' TarL 2  (6)
where a
The bulk of analysis of this study will be in the determination
of steady-state solutions to the set of equations (6)-(7). Therefore,
from the results, it will be seen what kinds of non-varying
oriented flows can result.
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The procedure used to solve the above equations subject to
boundary conditions vWhich soon will be examined, is to expand the
non-dimensional stream function Yf and temperature T i4 parameters
C . the square of the aspect ratio, and in OC the topographic
ratio, as follows:
T T~ cx7-) 4. -2 (T 4  7-1 )i'(9)
Also, the following notation will be used to represent the
terms in parentheses of the above expansions.
If Y, is considered to be 0(l), then the smallness of the
aspect ratio leads to the subordination of the non-linear terms in
magnitude to the linear terms of the equations (6) and (7), provided
that the Prandtl number is not too large.
In this study three separate cases will be considered, each
with varying boundary conditions. These cases are: (I) fluid
with a closed top boundary and hence a no-slip condition at the
top and bottom; (II) fluid with an upper free surface which, however,
can conduct heat to the air above it, and (III) fluid with an upper
free surface which conducts no heat to the air.
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The following notation will be used in order to average a
quantity A over the wavelength R:
Addx n I o1d, (12)
The periodicity enables us to define a mean or zonal stream func-
tion and hence a velocity as follows:
J~ d' - (13)
Because the imposed temperature 9(x) and the imposed topo-
graphy 2'(x) are given as analytic functions, the following analysis
will also yield the stream function and temperature fields a s
analytic functions. The above method of zonal averaging can thus
be applied at all horizontal levels. Near the bottom boundary, the
averaged quantities 4 and u are defined for the analytic functions
of Y' and u so obtained from the mathematical solution, even if
some part of the horizontal level is not enclosed within the fluid
volume. This method can be used for the reason that the non-
dimensional parameter c is a small quantity. Therefore the
average integrals are within the fluid volume for almost all of
the height levels (for the fraction 1 -OC of the height levels), and
thus, at the last step, the error will be small.
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Case I. For the case of the rigid surface boundaries, we
adopt the no-slip condition at z=0 and z=zB. At z B, the no-slip
condition says that both the normal and tangential components of
VIP are zero. Since the x- and z-components of W' are just linear
combinations of the normal and tangential components, they can be
set to zero;
=v Z at z=0 and zB (14)
The imposed zero order non-dimensional temperature field is
T0 = (x) at z = z B and T0 =0 at z=0. The first and higher order
temperature fields will have zero boundary conditions:
T1=T 2='' =0 at both z=0 and zB . (15)
The lowest order equations in the zeroth power of at are
as follows:
- Z(16)
- +z' a 0 (17)
Using the temperature boundary conditions (14) and (15), equation
(16) yields a solution for the temperature:
-- -T9 x ) z19 -+
(18)
~ 9tx > f -1 + oed?'
So wn-
So we come to the conclusion that T 0 =- O(x) z and T4: -0Xz.0 0
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Setting (18) into equation (17), we obtain
=6 =T0  Z (19)
where b denotes ~, etc. Solving equation (19), we obtain
dX
1, (Z A Z+ Bz2+Cz+D) -- X[Q(/ xd)+ '.] (20)
where A, B, C, and D are constants yet to be determined by the
boundary conditions. The conditions at z = 0 imply C = D = 0, and
those at zB yield the following two relations:
-(---<. A (-X) 3 (-X) 2  0 (21)
5( -,<)+3A (- )12f3 (I~ oc ) = (22)
Expanding the coefficients in the parameter X, we obtain
values of
A 3 4 6 < 2 . (23)
53= - 2 - Got d 4--- (24)
and therefore, expanding only up to the first power of a:
'o=[z'+ (-3 + )z-' + (-2 2o ] f- Z E '(/7 + -c O&/ (2 5)
The terms in the zero power of a are thus divided in the following
manner:
31" = (zr-3z) - z) (26)
Y =(z'-33-2)O'* (zs;3Z3*42')O7 f (27)
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Both terms of the stream-function in the zero power of aZ
evaluated at 0 and -1 have the value zero. Therefore, there can
be no net flow across any vertical y-z plane, and thus a net mean
flow to order a" cannot exist.
With the first order equations in a?, the first non-linear
terms appear. The vorticity and heat equations in a? are
T
In order to investigate the steady state mean flow in one
wavelength of x, the vorticity equation (28) will be integrated over
the wavelength:
V-iT
-- az -
-)( (30)
Now the first two quantities on the right hand side are zero
since the quantities to be integrated are derivatives of functions
which are periodic in the wavelength. Breaking up the vorticity
equation into powers of a, the following two non-linear relations
are obtained:
-(Y,) -a (31)
31-t, - Vol 1* 0(32Y
It is these non-linear terms which leads to the first non-zero
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values of mean motion with a net mass transport in the horizontal.
The boundary conditions for the mean flow first must reflect
the fact that there can be no net external force on the fluid of
the tank. Therefore, the average tangential stress in the x-
direction on the boundaries must be zero.
DZTO P DZ8 0 - 70Ae
o (33)
' 1Z -rZ  so 0
Secondly, the no-slip condition yields the two requirements
- r(34)3Drp Zgora
Next, it is easy to demonstrate that .T((v I l. v . SinceOj _
P(z)-' (z:s-3z 3 z2) and 3 P'$z)eP
-azz
therefore, we find that J~/ " Z)P4 P /] i' "
Q(z) '9" = 2(Z) 0 . Thus v /dz= 0.
With -the -quantities P and t' known, and also using the facts
that 0'0" + a"7' -a''Z - 2 ' , the value for is therefore:
{$~(304 z $~40)207,0Z ) _/ (3 5)
In order to determine the exact values for 3f" and %' , we
must evaluate appropriate boundary conditions at z = 0 and at
.,.--2 -/ respectively. After determining the appropriate con-
stants, the mean value of 7, is seen to be just an arbitrary con-
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stant, which can be taken to be zero:
0 2(36)
UZ
The form of the mean value of )' is that of a polynomial in
z multiplied by a number which is the average of functions of x
evaluated over one wavelength:
Y = (70 Z + 135'z'-842 +27z2+c,)4g ( $'r) 6%) Y^ (37)
where cI is an arbitrary constant. cI will be taken so that 1=0
at z = -1:
Y= {?,0 Z 4- 1/3dz 8 - 84Z 2 7z6 42 5- 407' (38)
It can therefore be seen that there exists mean values for 'ff
and hence for 24', which are proportional to aZoC, if the functions
9 and X are so chosen to have a correlation f9 0 ydo 4.
Various combinations of functions may be used, but it can be
shown that 6 must have more than one Fourier component. If two
components are present in the Fourier expansion of 6, then their
sum and difference will be components of the expansion $&. There-
fore, if 7 has the sum or difference component in its represen-
tation, then the combination #V? will have a non-zero mean.
If, for example, e is chosen as 9= cos x + sin x, then
O (-sin x + cos x) (-cos x - sin x) = -(cos x - sin x) = - cos 2x. If
= cos 2x, the mean value of 6= -1 /2. Physically, this situation is
sinusoidal "bumps" with alternating hot and cold regions (see Fig. 1).
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Case II. in this case, the upper boundary is considered a
free surface which can conduct heat to the air above it. The top
surface is assumed to be at the temperature of the air, which
is T=0.
The temperature boundary conditions are thus identical to
those of case I.
However, the dynamic boundary conditions are different be-
cause of the free surface. For the laterally varying flow, the
boundary conditions are
O Yz 0 Olt z 0 (free surface) (39)
and 3 z 0 4 t- z=z (solid surface) (40)
For the mean flow, neither the bottom surface nor the free
surface can transfer mean momentum to the fluid. This consid-
eration leads to the condition %=0 at both z = 0 and zB. In addition,
the condition that there be no average flow at the bottom boundary'
yields. the expression 3-' 0. However, this is no longer true at
the top free boundary.
A similar analysis to that of case I leads to the same zero
order temperature fields:
--- (
and yields the following zero order stream-function:
-27-
Z _ 'g3 + Z . g~0 (42)
Again these stream-funcii ons have values of zero at z = 0
and -1, so that there is no net horizontal transport of fluid from
order zero in the aspect ratio.
The next order flow leads to the presence of the non-linear
terms
which, with the application of the above mentioned boundary
conditions and the selection of the arbitrary constant to make 9-0
at -1, leads to
''= (33z 9 /2OZ '*/26 Z-i/Osz -64) (45)
The same correlation must exist as in case I, i. e. that 19 0. X
for mean flow to occur, and again, the values are multiplied by ak.
Case III. The assumption of a free surface which cannot
conduct heat across it leads to some different considerations.
To first order, then, the temperature at the free surface will be
identical to the temperature of the bottom boundary directly
below it. Thus there is no net transport of heat from the bottom
-28-
boundary directly below it. Thus there is no net transport of
heat from the bottom of the fluid to the top, but the heat flow'
is strictly from the hot regions of the bottom boundary to the
cold region.
In addition, the maintenance of a thermal gradient along a
surface leads to the maintenance of a stress due to a variation
of surface tension. If S is the surface tension coefficient (see
Landau and Lifschitz, p. 234), the force equation along a
surface is
S- (oy 'I ik~r + (46)
where the subscripts 1 and 2 on p (pressure) and qr.(stress)
represent medium 1 (the fluid) and medium 2 (the air above),
R and R are the principal radii of curvature, and Q is the1 2
unit normal vector directed into medium 1. There is no surface
curvature assumed in this system and no jump in pressure across
the boundary. Furthermore, medium 2 is assumed to be negli-
gible in the assumption of the force.
The upper boundary condition then becomes modified in that
there is no longer zero stress at the top surface, but that
the stress at z= 0 is that due to surface tension variations:
(47)fr~ Z -
mom
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The surface tension coefficient decreases with temperature,
and it can be represented by 5= S0(,--ST). The non-dimensional
form for the upper boundary condition becomes
fS -b (48)
for laterally varying flows, where S is defined as S =SA5 T L
The remaining dynamical boundary conditions are identical
to those of Case II. The thermal boundary conditions are
as follows:
at z=0 (49)DZ 2s Z
TO 0(x) at z =z B (50)
0 at z=z B (51)
Solving for the zer.o order temperature field, it is found
that T0z O(x) and T,' O, Using the notation S 4! S / 2G,
the zero order stream-functions can be written, after solution, as
"0= [ + (3 -zS)z3  Sz+. ( - S)z] ' I$) (52)
IZ
'1; = ( 3 * (53)
The following expression is then used for the determination
of the mean flow:
[(-43~z+-5^4 z + (8'z) + (-ISz'+ 9 1zz-3) s'
(54)
-30-
After integration and final application of the boundary conditions,
the following result is obtained:
pt= C (--15~2 +'4z6 , 4z5-36z2) 4
+ -s-z' 4 z'6 -26zr-70z+z -16 - 9)4 f
4- (- .Z Z6 -SGS!7Z4,7Z ,16 /
+ (-2z' - 6z' -- z4- 22- '4-8o(
(55)
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Discussion of heat transport.
It is possible to compare the convective and diffusive heat
transports from the heat conduction equation
-T (56)
and using the results which have been obtained from the power
series expansions obtained in the previous section for the three
cases. The quantity wT,- 2T is proportional to the vertical
convective heat transport. It is responsible for the transport of
heat from high temperature boundaries to lower temperature
boundaries. The convective heat flux in dimensional terms is
as follows:
Fc.., -PcP X"(57)
An order of magnitude estimate can be obtained for the
convective heat flux by determining its value for the lowest order
solution at the level z= -1/2 for case I: If Yj' (z 3z-L z2)/ )
and T -g then
[Z " 3 Z-~ 2 Z' 6' (58)
For $9"= 1/2, expression (58) yields, when evaluated at z = -1/2,
k2A- 5' (59)/26 .n eu/ l gt the Ga
where the Rayleigh number R4 is equivalent to the Grashof
-32-
number G multiplied by the Prandtl number,, f.
The diffusive heat transport is proportional to the quantity
-WVT and in the vertical direction the diffusive heat flux in
dimensional terms is as follows:
1;7 pcp k T (60Id ff If!Pa4, -~j Z L1 1 (60)
Evaluating quantity (60) for case I at level z = -1/2, the value is
dipp (61)
Furthermore, a ratio can be obtained between the two types
of heat transport:
Fa,e / /f (62)
In order for the convective transport to remain smaller than
the diffusive transport, the following order of magnitude must
exist:
_ Pia < ) (63)
Hence, for Fcn F 0 (a), we conclude that a 3000/w.
cony diff
For an aspect ratio of near 3, we reach the conclusion that for
F - / F - 0 (r), the Rayleigh number must be smaller than
conv diff ~
10, 000. The approach used in this study is thus contingent upon
the Rayleigh number's being 10, 000 at most, since the mathe-
matical ahalysis used depends upon the non-linear terms being
-33-
of smaller magnitude than the linear ones.
The net transport mean flows have been shown to be propor-
tional to the square of the Grashof number ( rvG 2 ). Since
G = 2/Pr, if the fluid has the maximum possible Rayleigh number
of 10, 000, then the maximum possible value for G2 is dependent
upon the Prandtl number. The Prandtl number of mercury is
. 027, while that of water is near 7. Therefore, for equivalent
Rayleigh numbers, the non-dimensional velocity will be 7 x 104
times as great for mercury as for water. However, since the
dimensional veelocity is the non-dine nsional velocity u multiplied
by .), we can see that the velocity of mercury will be 7 x 103
times that of water for the same Rayleigh number. It is
certainly clear that mercury is the better fluid for testing this
flow phenomenon.
-34-
Discussion of momentum balance.
The understanding of the momentum balance of a fluid
system such as the one in this study is instrumental to the
realization that mean channel flows are capable of being main-
tained. Starting with the x-component of the Navier - Stokes
equation
~* (64)
and the continuity equation V- ra and taking zonal averages, we
see that
3Z (65)
Therefore, a temporal change in the mean flow must be caused
by either a Reynolds stress, or by a stress due to the gradient
in the vertical direction of the zonally averaged velocity.
For steady state to be maintained, the following relationship
must hold:
(66)
The presenne, of -a shear of average velocity transports
momentum down the gradient at the rate -pp . This momen-
tum transport in steady state must be balanced by a correlation
in u - w flow, and this correlation means that tilted streamline
-35-
patterns occur. If the flow is closed, then tilted cells will
exist, and if the flow is not closed, then there will be tilted
troughs.
In the lowest order flow, there is closed cell motion, as
one would expect, with rising motion above the heated regions
and sinking motion above the colder regions. In case I and case
II, the lowest order flow provides the cell pattern with the -
soltition O= (z'- 3z3-2zz)/' and (zw-zz)-0)$' respectively,
both of which look like the two-cell pattern above hot and cold
regions, as in Figure 2.
Flow of order o-a, as has been shown, provides no net
flow between top and bottom boundaries because the average stream-
function is the same at the two boundary levels; however, there is
mean flow for each horizontal level.
The stream-function of order ee-a has the mean value
( 3 e 4- (Z4Z) Zi ( (67)
When the functions 0 and d have a positive correlation for
then a mean flow of order ae results. As an example, if
O = sin x, '= cos x, and 07=1/2, this would induce a flow
for which i a >O in the top of the region and ii<O in the
bottom of the region, but each transporting the same amounts
-36-
of fluid. This corresponds to the situation illustrated in
Figure 3.
Since <4 at the top and >0 at the bottom and in the
middle, we find that the original cells must tilt--have ~uW> 0
at the bottom and middle and iw< 0 near the top. Therefore the
cells would tilt somewhat as illustrated in Figure 4.
It is not until the term in ( with the presence of the non-linear
terms, that net horizontal mean motion occurs, if 9'"' .
Figures 5,. 6 , and 7 correspond to the reshlts of cases I, II, and
III, respectively. In all of these diagrams the net flow is
U>0 in the case where t= sin x + cos x, 2= cos 2x.
The most efficient of those cases considered is case-HI --
that of a free non-conducting top surface. This is evident upon
a comparison of results in Figures 5, 6, and 7. In all the cases,
where 10 y 0, this implies that 'uW>0 and so the cells must
be tilted in the direction from bottom left to top right, and where
0, this implies uw 4 0, and so the cells must tilt in the
other direction.
On the right side of the ridges are the maxima and minima
in temperature. There the streamlines must be nearly vertical
above these sources, with the area above the heat source having
upward flow, and with the area above the colder source having
-37-
Hot
Figure 2.
Cold
Two cell motion of lowest order flow.
4-
Cold
Figure 3. Mean flow of order ve for & = sin x, I = cos x.
Cold Hot Cold
Figure 4. Resulting tilted cells for 9 = sin x,
1'
I= Cos x.
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downward flow. The region which connects these flows is on
the left of the ridges, and the streamlines, in connecting from
the hot to the cold region, and vice versa, must gently slope
up the left side of the ridges. Thus these streamlines are
tilted such as to carry positive horizontal momentum from the
bottom of the tank to the top of the tank. This type of flow
pattern is illustrated in Figure 8.
Figure 8. Streamlines for 0 = sin x + cos x, and = cos 2x.
-42-
Results.
Since it has been shown that mercury would be much more
suitable in providing net flows than would be water, the results of
this study will be analyzed with the mercury as the fluid in the
hypothetical apparatus.
It has been derived that the Rayleigh number must be less
than or equal to order of magnitude 10, 000. The appropriate
physical constants for mercury in cgs units are as folloWs:
= 1. 8 x 10~4 (C) 1
-3 2 -1
' 1.16 x 10 cm sec
-2 2 -17t' 4. 3 x 10 cm sec
3
It is then computed that Ra= - / LAAT = 3500 L AT. Therefore
3L4T3, and so both L and A T in a tank experiment are of
order one. For Ra = 10, 000, the Grashof number, G will be
5
Ra/Pr = 10, 000/. 027, and so G = 3. 7 x 10
In order to determine the value of the surface tension para-
meter S, it is necessary to know the change in the surface
tension of a mercury-air interface with respect to temperature.
This value, which is denoted by SU , is approximately . 1
dyne cm1 ( C) 1. With the length and temperature scales both of
order 1, and = 13. 6 gm cm -3, the value for S of a mercury-
-43-
air interface is as follows:
So 6 AT L 3S = O = 5.5 x 10.
A total fluid transport U represents the difference between
the values of the stream-function at the points 0 and zB
U= fdz L ( -. ) (68)
The results obtained for the term which provides net hori-
zontal fluid transport in cases I, II, and III are shown in
Table 1. The results in this table are taken at G which
max
5is 3. 7 x 105. It is not consistent with the method to take G
any larger than this value. Case I, with the rigid top, has a
much smaller horizontal mass transport than either case of a
free boundary.
It is questionable which case--that whose top surface is
at the same temperature as the air ( case II), or that of no
heat conduction to the air (case III)-- is valid for a tank.
Since mercury is such a good conductor of heat, it is probable
that it will be able to pick up heat from below, but at the same
time adjust to some extent to the temperature of the air above.
Thus, it will be assumed that the free surface flow is some
combination of case II and case III. In any event, the mass
transfer is far greater with a free surface than with a rigid
-44-
boundary. One would have expected this, since a rigid boundary
acts to decrease the flow.
The term in G2 of case III is 1. 4 times as great as the
term in GS, which in turn is 100 times as great. as the term
in S2. However, these results are only approximate because of
the non-exactness of the surface tension term. In addition,
smaller values of G would reduce the differeic-es between the-
terms.
Whitehead, in his moving heater analysis decided that sur-
face tension is the primary cause for the ne an flow. With a
stationary heater above topographic ridges, it appears that the
buoyancy terms remain more important even for no conduction
across the top surface. -
If heat conduction is permitted, so as to smooth out top
temperature patterns, then the surface tension induces even
less net transport of fluid relative to buoyancy induced transport.
-45-
TABLE .1
5
Fluid transport of mean channel flows for G = 3. 7 x 10
S=5.5 x 103 0= cos x + sin x, r= cos 2x.
Fluid transport
-e z L P e C "'Ly.
4ZO .Sy
- . _/ ,x 'p;
L a
S600 +.9p d
9t G S : -
120 4!
3 -1 -1
= .31 cm sec cm
3 -1 -1
= 3.3 cm sec cm
3 -1 -1
= 15.0 cm sec cm
3 -1 -1
= 11 cm sec cm
3 -1 -1
. 11 cm sec cm
Case
I
H
III
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Conclusions.
It can thus be seen that stationary heat sources are
capable of producing mean motion in fluids provided that the
topography of the boundaries are constructed properly. When
the temperature sources are so arranged to have certain mean
components in combination with the topography, this produces
the mean motions.
Aside from the interest in the theoretical fluid systems,
this type of fluid flow could have practical applications. It
could work as a type of heat engine to transform heat energy
into organized horizontal flow. With a heat source of the sun,
let us. say, it would then be possible with the proper construction
of the interior of a pipe, to transport amounts of fluid. One
could experimentally build an apparatus and use water or mercury
as a fluid, or an electrolytic solution, as in the experiments of
Douglas, et. al.
Although the analysis here assumed a Cartesian x-y-z
space, since one would want a re-entrant channel, an annulus
could be used provided that its curvature effects are not too
great. Further work could be carried out to determine the
optimum conditions which would produce a mean channel flow.
-47-
Instead of a temperature boundary condition, a heat boundary
condition can be used.
Unfortunately, it seems unlikely that such a mean fluid flow
will be observed in the natural planetary atmospheres,, since
such regular topography and correlation of heat sources appear
improbable. However, the great theoretical interest of the
mean fluid motions can lead to useful applications. The fact
that horizontal flow can be produced from purely stationary
heat sources is a topic in fluid mechanics worth studying.
-48-
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